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Abstract 
In this note, it is shown that all graphs F,, k for odd integer n ~> 5, and integer k ~> 1 are 
x-unique. This is a partial solution of one of the problems tated in [2] (see Problem 5 [2]). 
F,. k is a graph which is a/(2-gluing of KI + Pn-1 and k paths on three vertices P3, where /~:, 
is the graph induced by two vertices of minimum degree in each of these graphs. 
An open problem is stated. 
1. Introduction 
The graphs which we consider here are finite, undirected, simple and loopless. Let 
G be a graph, V(G) be its vertex set, E(G) be its edge set, z(G) be its chromatic 
number and P(G, 2) be its chromatic polynomial. Two graphs G and H are said to be 
chromatically equivalent, or in short z-equivalent, written G ~ H, if P(G, 2) = P(H, )0. 
A graph G is said to be chromatically unique, or in short z-unique, if for any graph H 
satisfying H ~ G, we have H ~ G, i.e. H is isomorphic to G. For a subgraph G1 of 
a graph G and a vertex x E V(G) the notation dc,(x) denotes the number of  vertices 
belonging to V(G1 ) and adjacent o x in G. I f  G1 = G, we shortly write d(x) instead of 
de, (x). The distance between two vertices x, y E V(G) is denoted by distG(x, y), and a 
(x, y)-path is a shortest path between the vertices x and y. Similarly, for $1,$2 C V(G) 
a (S1,S2/-path is a shortest path connecting St and $2, and diStG(S1,S2) is the length 
of a (S1,S2)-path. For a graph F, let IG(F) denote the number of  induced subgraphs 
of  G that are isomorphic to F. 
A wheel Wn is a graph of order n, n >~ 4, obtained by the join of  K1 and Ca-1. 
Let Sn be a graph of order n and maximum degree n - 1, obtained by the join of Kl 
and P,_1. Evidently, for n >~ 4, Sn has exactly two vertices, say x and y, of degree 2. 
We define a graph Fn, k of order n + k as follows. For integers n >~ 4, k ~> 1, Fn, k 
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is obtained from Sn by adding k new independent vertices and joining them to two 
2-degree vertices of Sn. In other words: 
k 
V(F. , , )  = v (s . )  u U {u3, 
i=1 
k k 
E(F~,k)=E(Sn)U U {x, ui}u U {y, ui}. 
i=1 i=1 
Note that F,, k is a graph which is a/£2-gluing of K1 + Pn-1 and k paths on three 
vertices P3, where/~2 is the graph induced by two vertices of minimum degree in each 
of these graphs. For other graph-theoretical terminology, the reader is refered to [3]. 
In this note, some family F of graphs is considered. For integers n t> 5 and k i> l, 
let F be the family of graphs G having the following properties: 
(la) IV(G)I = n+k,  
(lb) IE(G)I = 2(n +k)  - 3, 
(1c) IG(K3) ---- n - 2, 
(ld) IG(C,)= k + (~) = (k+,), 
(le) G is 2-connected, 
(If) G is uniquely 3-colourable, 
(lg) (2 - 2) 2 ~/P(G,2). 
It is shown that each graph G E F is isomorphic to F,, k for some integer k ~> 1 and 
an odd integer n/> 5. Moreover, each graph G E F is x-unique. 
This is a partial solution of one of the problems tated in [2] (see Problem 5 [2]). 
2. A few known results 
In computing chromatic polynomials, we make use of famous Whitney's reduction 
formula given in [4]. The formula is 
P(G, ,~) = P(G-e, 2) - P(G/e, ,~), 
where G-e is the graph obtained from G by deleting an edge e and G/e is the graph 
obtained from G by contracting the edge e. 
We also make use of overlapping formula given in [4]. The formula is 
P(G, 2) = P(H, 2)P(F, 2)/P(Kp, 2), 
where G is an Kp-gluing of two disjoint graphs H and F over their complete subgraph 
Kp for p >~ l. 
Moreover, we shall use the known results presented in Lemmas 1 and 2. 
Lemma 1 (Koh and Teo [2]). Let G and H be two z-equivalent graphs. Then 
(i) [V(G)I = [v(n)l; 
(ii) IE(G)I = IE(H)I; 
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(iii) x(G) = x(H); 
(iv) I6(C3) = IH(C3); 
(v) IG(C4) -- 216(K4) = IH(C4) -- 2IH(K4); 
(vi) G is connected iff H is connected; 
(vii) G is 2-connected iff H is 2-connected. 
Lemma 2 (Chao and Whitehead [1]). Let G be a 9raph containin9 at least two tri- 
angles. I f  there is a vertex of a trianole having deoree two in G, then (2-2)2[p(G, 2). 
3. Main results 
The following two propositions show that for any odd integer n/> 5 and any integer 
k t> 1 the graph Fn, k E F. 
Proposition 3. For any pair of integers n >~ 4 and k >~ 1,(2 - 2) 2 ,( P(Fn, k,2). 
Proof. Let us define a graph Hn, e, t which will be helpful for what follows. Hn, e, t 
is obtained from a wheel Wn by gluing e copies of/£2 into a vertex of Wn and 
gluing t copies of K3 into an edge of W,. Moreover, let G ® F denote a vertex 
gluing of graphs G and F. Using the famous Whitney's reduction formula we get the 
following: 
k--1 
P(Fn, k ,2) : P(Sn ® kK2, 2)  - E P(Hn, i,k-l-i, 2) 
i=0 
k -2  
= P(Sn ® kK2,2) - ~ P(Hn, i ,k- l- i ,2) - P(Hn, k-l,o,2). 
i=0 
By overlapping formula and by Lemma 2 we have that (2 -  2) 2 I P(S. ® kK2,2), 
(2 - 2) 2 IP(H.,e,t,2), for t ~> 1 and (2 - 2) 2 ~' P(H.,e,O, 2). [] 
Proposition 4. For any odd inteoer n >i 5 and any integer k >~ 1, each 9raph Fn, k is 
uniquely 3-colourable. 
Proof. Immediate. [] 
Theorem 5. Each 9raph G of the family F is isomorphic to Fn, k, for an odd integer 
n >~ 5 and an integer k >1 1. 
Proof. (1) Let G be a graph of the family F. We assume that V1, V2, V3 is the unique 
partition of V(G) onto three colour classes. Let Ivil = ni, for i = 1,2,3. Moreover, let 
Gi for i = 1,2,3 be the subgraph of G induced by V(G) - Vi. Notice that 
(2) [V(Gi)I = n + k -  ni 
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and that by connectivity of  Gi, we obviously get 
(2') IE(Gi)I >>- n + k - ni -- 1. 
Therefore ~=1 IE(Gi)I >>" 3(n + k) - (nl + n2 + n3) - 3 = 2(n + k) - 3. Hence, Gi is 
a tree for each i = 1,2, 3. 
For a vertex v in V(G), denote by N(v) the set of  vertices adjacent o v, and let c(v) 
be the number of  connected components of GIN~o. Let us assume that V1 = {Vl . . . . .  vn~ } 
and let V1*={vE VI: c(v )> l} .  
Let us consider the number m(Vl, V(G1 )) of  edges between the sets VI and V(GI ); 
(3) m(Vl, V(G1 )) = ]E(G)[ -  IE(G1 )[ = 2(n+k) -3 - (n+k-n~ - 1) = n+k+n1-2 .  
Therefore, 
(4) n - 2 = Io(K3) = ET~l (d (v i )  - e(l) i))  = Y~in~=l d(vi) - ~-]~vcV,* e(v) - n~ + IVy'] 
=- n+k+nl--l'tl--EvEV,* e(v)-2+lV~'[ = n+k-2-~vcv  ,. c(v)+lV~l. 
Let i = IVl*l. Then by (4), ~oev~* c(v) = k+i  and 1 ~< i ~< k. Hence, G has exactly 
one of the following properties (N i ) ,  i = 1 . . . . .  k: 
(g ~) IV~*l = i and ~-~o~v; c(v) = k + i. 
Remark. If  G has property (N k) then there exists exactly k vertices vjE Vl 
( j  = 1 . . . . .  k) with C(Uj) = 2 and each v E V1 - {vj: j = 1 . . . . .  k} has a connected 
neighbourhood. And if G has property (N 1 ) then there exists exactly one vertex vl E VI 
whose neighbourhood is disconnected, moreover e(v~ ) = k + 1. 
For a vertex v E VI*, let us define a simple graph G* of  order c(v) as follows. Let 
S1,S 2 . . . . .  S C(O be the sets of vertices of  connected components of  GIN(O. The vertex 
set of  G* is the set {S1,S z. . . . .  SC(O}. 
Two vertices S p and S q are joined in this graph if and only if the (S p, sq)-path in 
Gt is a subgraph of GIN~o,) for a vertex v' E V1 - {v}. We say that v ~ generates the 
edge {SP, S q} of G~. 
Moreover, we say that an edge {SP, S q} E E(G*) generates a 4-cycle induced by 
the set {V, Xp, V',Xq) in G, where Xp, Xq are end vertices of  the (Sp, Sq)-path in G1 and 
v' is a generator of  the edge {SP, S q} in G*. 
First we state two lemmas useful for the proof of  the theorem. 
Lemma 6. Let v E V~. The graph G* does not conta& any cycle. 
Proof. First, let take notice of  some simple facts. Since Gi is a tree, i = 1,2, 3, then 
]N(Vl )nN(v2)l ~< 2 for each pair of  different vertices vl, v2 E VI. Moreover, if {x, y} = 
N(Vl )M N(v2) for some vt, v2 E V1, (Vl ~ v2), then distG~ (x, y)  is an odd integer, and 
if vl, v2 belong to the same induced 4-cycle of  G, then c(vj) >~ 2, for some j = 1,2. 
Suppose that an edge {SP, S q} of G* has at least two different generators vl,vz C 
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V1 - {v}, vl ¢ v2. Let Xp and Xq be the end vertices of the (SP, Sq)-path in G1, i.e. 
diStGL(Xp,Xq) : distG~(SP,Sq). Since distG,(Xp,Xq) ~> 2 then there is a vertex x of the 
(SP,Sq)-path such that distc.(Xp,X) is even. Therefore, the set {Xp, Vl,X, V2} induces a 
cycle in G2 or in G3, a contradiction. Hence any edge of G* has exactly one generator. 
Moreover, different edges have different generators. 
Clearly, distc,(SP, S q) is odd for each edge {SP, S q} of G*. 
Suppose that there exists a cycle (SI,S 2 ..... sq) in G*, where q >~ 3. Let vl, v2 ..... vq 
be the sequence of vertices in V1 - {v} generating the consecutive dges of the cycle. 
By the above facts, the vertices of the sequence are pairwise different and uniquely 
determined . Let x~,x2 ..... Xq be the vertices of G~ defined as follows: xi E S i for 
i = 1,2 . . . . .  q, and distG,(xt,x2) = distc~(SI,S 2) and let for i = 3 . . . . .  q, xi be the end 
vertex of the (S'-l,si)-path in G1. Let xl,x 2 be the neighbours of xl, and x2, respec- 
tively, belonging to the (S1,S2)-path in G1. Similarly, let x 3 be the neighbour of x3 
belonging to the (S2,S3)-path in G1. Let us consider the forest obtained from G1 by 
deleting all edges of the (xl,x2)-path in G~. Let Tx 2 be that subtree of the forest which 
contains the vertex x 2. Recall that the (S i, S i+l)-path is a subgraph of the neighbour- 
hood of vi, for i = 1,2 . . . . .  q, where S q÷l -- S 1. Then S 3 is contained in V(Tx2 ), else 
{L'I,X,/)2,X2} creates a cycle in G2 or in G3, where x is a vertex of the (S1,S2)-path 
in G1 such that distc,(x, x2) = 2. Therefore, Xq E V(Tx2). Hence the (S1,S2)-path and 
the (SI,Sq)-path have at least 3 common vertices. That is, IN(vl)MN(vq)] ~> 3. This 
implies a contradiction to the acyclicity of Gz or G3. [] 
Lemma 7. Let IV~l : i. Then 
vE VI* 
Proof. Suppose that an induced 4-cycle of G contains two different vertices v, u of 
Vt*. Then it is generated by {v,u} U (N(v)AN(u)) ,  where N(v)M N(u) consists of 
two vertices at odd distance (~> 3) in G1. Since IN(v)nN(u)l ~< 2 for each v,u E V~, 
u ¢ v, it follows that the total number of the cycles in G for the case is at most (~). 
If an induced 4-cycle of G contains exactly one vertex of VI*, say v, then it is 
generated either by an edge of G*, or by a set {v, xt, Ytj,xj}, where xt E St,xj E SJ, 
and St, S j E V(G*), {St,S j } f~E(G*), and dista,(xt,xj) =distG,(St, Sj) =2, ytj E V(G1 ), 
N(y<i) D{xt,xj}. Evidently, by the first part of the proof of Lemma 6, each edge 
generates at most one induced 4-cycle of Glv(a~)u{~}. The same is true for each non- 
edge of G*. Hence, the total number of the cycles in G for the case is at most 
~EV,* (c~v)). The lemma is proved. [] 
Let us return to the proof of the theorem. 
Suppose that some vertex vl of V1 is adjacent o all vertices of G1. Then IN(v)l ~< 2 
for each v E V1 -{Vl}, else G2 or G3 contains a cycle. Moreover, G being 2-connected, 
Lemma 2 and the property ( lg) imply that for any vertex v E V1 - {vl} the neigh- 
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bourhood of v consists of two non adjacent vertices. Therefore G has the property 
(Nk). Let V* * * * N(v*) {xj, yj} for j 1,2, .,k. Hence by ={v  1,v 2. . . . .  v k} and let . . . .  
Lemrna 6 and the assumption of the case, disto, (xj, y j)t> 3 and it is odd, for each 
j = 1,2 .. . . .  k. 
By (ld) and the proof of Lemma 7, {xj, yj} = {Xq, yq} for each pair j ,q = 1,2 . . . . .  k. 
Again, G being 2-connected, Lemma 2, and the properties (lc) and (lg) imply that 
any 1-degree vertex of GI is adjacent to some vertex of VI*. 
Therefore, by the acyclicity of (72 and G3, G1 has exactly two 1-degree vertices, 
and it is a (xl, Yl)-path of order n - 1. Then we get G ~ Fn, k. 
Therefore, we can assume that G[N(v) ~ Gl for each v E V1. 
Suppose that G has property (Ni), 1 < i < k, k t> 3. Recall that e(v) >i 2 for each 
vE V~. 
The following inequality holds 
~-~vcz. (c(v)) <~ (~,'evi~("'-2e) +i+ 2~v6vT(c(v)--2). (5) 
Lemma 7, (5), and (N i) imply that 
2 +2k - i. 
Then by Cauchy equation: (re+n) p . , p ,=  Er=0 (mr) (p-r)' 
IG(C4)~ (~) - i (k - i )+2k- i=(~)+k- f i -1 ) (k - i ) .  
Clearly, this implies that I~(C4) < (~) +k, for i/> 2 and k > i, a contradiction to (ld). 
Hence, we have to consider only two subcases. 
Case 1: Let us assume that G has property (N1), and let v E V1 be the vertex with 
c(v) = k + 1. Let S1,S 2 ..... S k+l be the vertices of G*. Notice that [VI[ t> 2, else by 
(2) and (3), d(v)= n + k -  1 = IV(G1)[ and we get a contradiction. 
Let us consider the following subcases: 
Case 1.1: Let us assume that E(G*)~O and let {S1,S 2} EE(G*). Let disto,(sl,s 2) 
= distG~(Xl,X2) for xi E S i, i = 1,2. If k = 1 then Lemma 2, (lg), and 2-connectivity 
of G imply that G ~ F,,l. Therefore let k >/2. Hence by Lemma 6, there exists 
S j E V(G*), such that {$2,S j} q~ E(G*). From the proof of Lemma 7, the set 
{v,x~,y2j,xj} generates an induced 4-cycle in G, where x~ E S2,xj E SJ, dist~(x~,xj) =
distc,(S2,S j) = 2, y2j E V(GI) and N(y2j)D{x~,xj}. Notice that SJ is contained in 
V(Tx2) - {x2}, where x 2, Tx2 and x2 are defined as before in the proof of Lemma 6. 
Therefore, disto,(S1,SQ > 2. Suppose that {SI,S j} E E(G*). Then the generators of 
the edges {S 1, S 2 } and {S1,S j} have at least three common eighbours, and therefore 
there exists a cycle in G2 or in G3. Hence {S1,S j} q~ E(G*). Therefore by the proof 
of Lemma 7, Io(C4)< (k+l), a contradiction to (ld). 
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Case 1.2: Let us assume that E(G*) = 0. Then ( ld)  and the proof of Lemma 7 
imply that distG,(St,S j) = 2 for eacht  # j; j ,t  = 1,2 . . . . .  k+ 1. Let xj E SJ; 
j=  1,2 .. . .  , k+ 1 and distG~(xt,xj) = distG,(St,S j) = 2. Let y be the vertex of Gl adja- 
cent to each xj, j = 1 . . . . .  k+ 1. Evidently, at most one element of the set {Xl . . . .  xk+l} 
has degree greater than 1 in G1. Therefore, we have to consider only two subcases. 
Suppose that dG,(xj) = 1 for each j = 1,2 . . . . .  k+ 1. Then v is not involved in any 
K3 of G. Since I6(K3) = n - 2/> 3, then each of the 3-cycles should be generated by 
vertices of V(G) - {v}. Moreover, G being 2-connected, the acyclicity of G2 and G3 
imply that Glu(v,) ~ K2 for each v' E Vl - {v}. Hence IV1 - {v}[ = n - 2 >~ 3. Then 
by Lemma 2, (2 -  2)2[p(G,2). This is a contradiction to ( lg). 
Then let dc,(x l )  >1 2, and da,(xj) = 1 for each j = 2 . . . . .  k+ 1. Let us assume that 
Zl,...,Zd, be the neighbours o fx l  in G1 different from y, where y is defined as before. 
The acyclicity of G2 and G3, and the property ( lg)  imply that [N(v)N {zl . . . . .  Zd}[ = 1. 
For the same reason, dG,(Zt) = 1, for each t = 1 . . . . .  d, and IN(w)[ ~> 3 for 
w E V1 - {v} U {zl . . . . .  Zd}. Similarly, N(v') D{y, xl,Zq} for some v' E V1 - {v}, and 
q E {1 . . . . .  d}. Finally, the first part of the proof of Lemma 6, ( lg)  and Lemma 2 
imply that Vl td {y, xl} tA {zl . . . . .  Zd} induces Sn. Hence G ~ Fn, k. 
Case 2: Let us assume that G has property (Nk), k > 1, and let Vl* = {vl . . . . .  vk}. 
Evidently, c(vj) = 2, for j = 1 . . . . .  k, and each v' E V1 - V~ has a connected neigh- 
bourhood. We can assume that distr,(S),S 2) = distG,(x),x 2) for x} C S~, where S~ E 
V(G~), t - -  1,2 and j = 1 . . . . .  k. 
Case 2.1: Suppose that E(G~ ) = 0 for each j = 1 . . . . .  k. The property (1 d), Lemma 7 
and the acyclicity of G2 and G3 imply that distG,(S),S f )  = 2, [N(vj)NN(vq) I = 2 
and {xl,x 2} ¢ {x~,Xq 2} for each jCq ;  j ,q= 1,2 . . . . .  k. By the same reason, the ver- 
tices of N(vj )N N(vq) must belong to different connected components of GIN(v,), 
for t -- j,q. Since [N(vq) n {xl,x2}[ ~< 1, it follows that without loss of generality 
x) ~ N(vq). Let xlq be the unique vertex of S) AN(vq) and let x be the middle vertex 
of the (x),x})-path in G1. Notice that {x~,x~} = {X)q,X},X } E N(vq) andx) is the mid- 
dle vertex of the (x~,Xq2)-path. Hence, [N(vq)A{x),x}}l = 1, fo r j  ~ q; j ,q = 1,2,. . . ,k.  
Therefore, by acyclicity of G2 and G3, k = 2. 
Moreover, dG,(X) = 2, da,(x)) = 2, and da,(x~) = 1 = dc,(xql), else a contradiction. 
Thus, IV(G1)[ = 4 and G[N(v) ~K2 for each v E V1 - VI*. Since n/> 5, it follows that 
V1 - VI* ~ 0. This and Lemma 2 lead to a contradiction to ( lg). 
Case 2.2: Let E(G~) ¢ 0 for some j -- 1 . . . . .  k. By the first part of the proof of 
Lemma 6, dista,(S),S 2) is odd integer. Let v E V1 - {vj} be the generator of the 
edge {S),Sf}. Suppose that {x),Vq} ~[ E(G) or {x~,Vq} q[ E(G),  for some q 7~ j;  
q = 1 . . . . .  k. Then by the proof of Lemma 7, IG(C4) < (k+l), a contradiction to 
( ld).  Therefore {xl,v, x2,Vq} induces a 4-cycle of G, for each q = 1 . . . . .  k. Clearly, 
2-connectivity of G, Lemma 6, the structure of G2 and G3, and the property ( lg)  
imply that dG,(X}) = 1 for t = 1,2. Similarly, each interior vertex of the (x),x2)-path 
has degree 2 in GI. Therefore G[N(~) = Gl, and this is a case considered above, a 
contradiction. 
The theorem is proved. [] 
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Theorem 8. Each graph of the family F is z-unique. 
Proof. Immediately from Theorem 5, Propositions 3, 4, and Lemma 1. [] 
Corollary 9. Fn, k is z-unique for odd integer n >1 5 and integer k >~ 1. 
Question 10. Is Fn, k z-unique for even integer n? 
Question 11. What can be said on the chromaticity of graphs having the properties 
( la ) - ( le ) ,  ( lg)presented in the definition of the family F? 
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